Abstract: Concrete beams reinforced with glass-fiber reinforced polymer (GFRP) bars exhibit large deflections in comparison with steel-reinforced concrete beams because of the low modulus of elasticity of GFRP bars. This paper proposes new equations for estimating the effective moment of inertia of FRP-reinforced concrete beams on the basis of the genetic algorithm and experimental results. Genetic algorithm is used to optimize the error function between experimental and analytical responses. In the experimental part of the study, nine beam specimens were manufactured and tested. In addition, the results of 55 beam specimens tested by other researchers were also used. The effects of elastic modulus of FRP bars, reinforcement ratio, and the level of loading on the effective moment of inertia are taken into account. The proposed equations are compared with different code provisions and previous models for predicting the deflection of FRP-reinforced concrete beams. The values calculated using the proposed equations are also compared with different test results. The experimental results correlated well with the values predicted using the proposed equations, especially in the cases of high reinforcement ratios and high levels of loading.
Introduction
Steel reinforcing bars have not performed well in applications where members were subjected to corrosive environments. Several techniques have been used to reduce the risk of reinforcement corrosion, such as using epoxy-coated reinforcing bars, decreasing the permeability of the concrete, increasing the concrete cover, waterproofing the concrete, and cathodic protection. However, none of these methods have proven effective as long-term solutions. Fiber reinforced polymer (FRP) bars can be effectively used as a reinforcing material in corrosive environments because of their corrosion-resistant property. Initial investment for constructing structures exposed to corrosion, difficulties in retrofitting damaged members, and the price of maintenance are some of the economic reasons for using fiber reinforced polymer (FRP) bars.
Fiber reinforced polymer bars have different types of fibers including glass (GFRP), carbon (CFRP), and aramid (AFRP), and are available in different grades of tensile strength and modulus of elasticity. Among the different types of current FRP composites for infrastructure applications, CFRP bars are generally the least prone to fatigue failure. The modulus of elasticity and tensile strength of CFRP bars are greater than those of AFRP and GFRP bars. GFRP reinforcing bars have a lower modulus of elasticity and tensile strength; however, these bars are more cost-effective in comparison with CFRP bars.
The behavior of concrete beams reinforced with FRP bars is different from that of steel-reinforced concrete beams and is highly dependent on the type of the fiber reinforcement. FRP bars have high tensile strengths and appropriate durability. However, these bars display a linear elastic behavior up to the point of failure and do not demonstrate ductility. The bond between concrete and FRP bars is different from that with steel bars because of the differences in their surface geometries and mechanical characteristics. The bond strength of FRP bars is lower than that of steel bars, and can lead to an increase in the depth of cracking, a decrease in the tension stiffening effect, and consequently an increase the deflection of FRP-reinforced concrete beams relative to steelreinforced concrete beams for an equivalent cross-sectional stiffness of reinforcement. Moreover, FRP-reinforced concrete members have a relatively smaller stiffness factor after cracking because the elastic modulus of FRP bars is typically lower than that of steel bars. For example, the modulus of elasticity of GFRP bars is only 20-25% of that in steel bars. As a result of their low modulus of elasticity, the deflection criterion may control the design of intermediate and long beams reinforced with GFRP bars. Therefore, the design of FRP-reinforced concrete beams is usually governed by the serviceability limit state requirements (crack width and deflection criteria) rather than ultimate limit state requirements (Newhook et al. 2002) . Consequently, a method is needed to predict the expected service load deflections of FRP-reinforced members with a reasonably high degree of accuracy.
In this study, analytical models for predicting the deflection of FRP-reinforced concrete beams are compared with experimental results. This comparison shows a need for reliability analysis of FRP code equations for calculating the deflection. The main objective of this paper is to propose new equations that correlate well with experimental results. Four hundred data points were used to obtain these equations, and in order to minimize the differences between the experimental results and the calculated values, optimization by genetic algorithm was conducted.
Analytical Models for Deflection Calculation
The maximum deflection at the center of a beam in a four-point load system can be calculated by:
where L is the span of the beam; P is the total concentrated load divided into two concentrated loads (P=2), each applied at a distance L a from the support; E c is the modulus of elasticity of concrete; and I e is the effective moment of inertia of the beam section after cracking. Since the modulus of elasticity of GFRP bars is lower than that of steel bars, the stiffness of concrete beams reinforced with GFRP bars abruptly decreases when the applied moment exceeds M cr . Then, the effective moment of inertia drops to a value slightly greater than I cr after cracking (Alsayed et al. 2000) . According to the ACI 318-05 code (2005), the effective moment of inertia suggested by Branson (1965) , I e , can be determined as follows:
In Eq. (2), M cr is the cracking moment; M a is the maximum service moment; I cr is the moment of inertia of the cracked transformed section, and I g is the moment of inertia of the gross section neglecting the reinforcement. The contribution of concrete to the tensile stiffness between the cracks of a reinforced concrete member is influenced by the tension stiffening phenomenon. This phenomenon affects the stiffness, deflection and crack width of flexural members. The tension stiffening component in Branson's equation [Eq. (2) ] depends on the ratio of gross-to-cracked moment of inertia I g =I cr , and increases substantially with I g =I cr ratios greater than 3. Beams reinforced with FRP bars typically have I g =I cr ratios greater than 5. Therefore, Eq. (2) would underestimate the deflections of these beams (Bischoff 2007) .
Different models for the effective moment of inertia of FRPreinforced concrete beams are shown in Table 1 . Faza and Ganga Rao (1992) derived the average moment of inertia, I m , in four-point flexural beams. In this model, the cracking moment of inertia, I cr , is used for the middle part of the beam, and the effective moment of inertia, I e [Eq. (2)], is used for the two end parts of the beam.
The effective moments of inertia are generally the same in the models suggested by ACI 440. 1R-03 (2003) , Yost et al. (2003) , and ACI 440. 1R-06 (2006) . The parameter β d accounts for the bond properties and modulus of elasticity of FRP bars in the ACI 440. 1R-03 (2003) equation. In this parameter, E f is the elastic modulus of the FRP bars; E s is the elastic modulus of the reinforcing steel bars, and α b is a bond-dependent coefficient. According to the ACI 440. 1R-03 (2003) code, the value of α b can be taken as 0.5 for GFRP bars. On the basis of results from 48 GFRP-reinforced concrete beam specimens tested by Yost et al. (2003) , α b must be significantly reduced to a value less than the 0.5 recommended by ACI 440. 1R-03 (2003) . These results also show that this parameter depends on ρ f =ρ fb (Table 1) , where ρ f is the reinforcement ratio and ρ fb is the balanced reinforcement ratio. Evaluation of experimental results from several studies has resulted in, a new expression for β d , based on the relative reinforcement ratio, as proposed by ACI 440. 1R-06 (2006) and shown in Table 1 .
A modification to the ACI 440.1R-06 (2006) method for calculating the effective moment of inertia was proposed by Rafi and Nadjai (2009) for all types of FRP bars. In this model, the coefficient β d is similar to the expression used by the ACI 440.1R-06 code (2006) . The coefficient γ is a relationship obtained by linear regression analysis of the test results (Table 1) . Alsayed et al. (2000) proposed two models for the effective moment of inertia based on experimental results. In the first model (model A), the average value of the power (m) for GFRP-reinforced concrete beams can be taken as approximately 5.5, rather than 3 as in Branson's equation. Another model (model B) was suggested by regression analysis of the experimental results of I e =I cr versus M a =M cr for beams reinforced with GFRP bars.
Fundamental concepts of tension stiffening were used by Bischoff (2005 Bischoff ( , 2007 to propose a new expression for the effective moment of inertia, I e (Table 1) . In this equation, M cr is the cracking moment and M a is the applied load moment of the critical section. I e is conservatively based on the moment of the critical section (where the member stiffness is the lowest). Bischoff and Gross (2011a, b) proposed an equation, for the equivalent moment of inertia, I 0 e which includes an additional factor, γ, to account for the change of stiffness along the length of beams. They concluded that a reduced cracking moment equal to 80% of the cracking moment value in the ACI 318-05 (2005) code provides a reasonable estimate of deflection for FRP-reinforced concrete beams using their expression.
Hall and Ghali (2000) have proposed an expression similar to that in the ISIS Canada Design Manual 3 (2001) . In these models, I T and I cr are the moments of inertia for uncracked and fully cracked transformed sections, respectively; β 1 is a coefficient characterizing the bond properties of the reinforcing bars and is equal to 1.0 for ribbed bars and 0.5 for smooth bars; and β 2 is a coefficient representing the type of loading and is equal to 0.8 for first loading and 0.5 for sustained or cyclic loading. CSA S806-02 (2002) Benmokrane et al. (1996) I
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the deflection of simply supported four-point bending FRPreinforced concrete beams as follows:
The CSA S806-02 (2002) approach is based on an assumption that the moment-curvature relationship of a cracked FRPreinforced member remains linear under increasing load, which ignores the tension-stiffening effect. Rasheed et al. (2004) derived an analytical solution to predict the load-deflection response of concrete beams reinforced with FRP bars. This solution is based on a bilinear moment-curvature relationship. The results of this study indicate that an increase in tension reinforcement stiffness leads to stress nonlinearity in the beam's compression zone, causing the value of I e to fall below that of I cr (Rasheed et al. 2004) .
Abdalla (2002) tested 15 different concrete members (beams and slabs) reinforced with CFRP and two types of GFRP bars. Experimental deflections were used to evaluate various models of deflection calculation. According to Abdalla (2002) Mota et al. (2006) conducted a statistical analysis on the efficiency of different methods for deflection estimation, in which 197 beams and slabs were analyzed to find an accurate and conservative equation for estimating the deflection of FRP-reinforced concrete members. The analysis showed that the accuracy of the predicted deflection is highly dependents on the accuracy of the calculated cracking moment and loading levels. At the service load level, the equation proposed by Yost et al. (2003) was sufficiently accurate and conservative for predicting the deflection of GFRP-RC members, while the equation in the ISIS Canada Design Manual 3 (2001) was the most accurate and conservative equation for predicting the deflection of CFRP-RC members (Mota et al. 2006 ).
Proposed Models
In this paper, a wide range of test data including four hundred data points is used. These data points were obtained from loaddisplacement relationships of 64 FRP-reinforced concrete beam specimens. Nine of the specimens were tested by the authors. Details of different experimental studies are summarized in Table 2 . In the experimental data points, a wide range of different parameters such as concrete strength ( f 0 c = 20 MPa-79.7 MPa), modulus of elasticity of FRP bars (E f = 26 GPa-147 GPa), relative reinforcement ratio (ρ f =ρ fb = 0.51-7.75), and level of loading (M cr =M a = 0.1-0.97) were evaluated. Using the values of mid-span displacement and its corresponding load, the experimental values of effective moment of inertia can be calculated using Eq. (4) as follows:
where P exp is the experimental load and δ exp is the experimental midspan displacement corresponding to P exp .
Proposed Effective Moment of Inertia (Model A)
Similarly to Branson's equation [Eq. (2) ], the effective moment of inertia can be calculated using Eq. (5) as follows:
Parameter m can be obtained using ðI e Þ exp and M cr =M a values for every experimental result at any level of loading as follows:
The m values obtained using Eq. (6) versus M cr =M a and ρ f =ρ fb relationships are presented in Figs. 1 and 2, respectively. As shown in Fig. 1 , the value of m decreases with an increase in level of loading (a decrease in M cr =M a value). Also, according to Fig. 2 , the power m is dependent on the relative reinforcement ratio (ρ f =ρ fb ).
According to Branson's equation [Eq. (2) ], the effective moment of inertia, I e , at different levels of loading, interpolates between the moment of inertia of an uncracked gross concrete section, I g , and the moment of inertia of a transformed cracked section, I cr . In Eq. (2), the effective moment of inertia is never less than the cracked moment of inertia. In beams reinforced with FRP bars, the effective moment of inertia approaches the cracked moment of inertia after cracking occurs. As shown in Figs. 3 and 4 , at high levels of loading (low M cr =M a ) and reinforcement ratios (high ρ f =ρ fb ), the effective moment of inertia becomes less than 
into account in this study. The influence of different parameters is introduced by the coefficients X 1 -X 6 in the following equations:
The power of m is calculated using Eq. (8):
In order to calculate the coefficients X 1 -X 6 in Eqs. (7) and (8), the difference between experimental deflection and the deflection value predicted by Eq. (7) is defined as an optimization objective function. The optimization variables (X 1 -X 6 ), which determine the influence of different parameters in beam deflection, are calculated by minimizing the objective function using the genetic algorithm method. The objective function is defined by Eq. (9).
The genetic algorithm method (GA) is an optimization and search technique based on the principles of genetics and natural selection. The GA creates a number of answers which are called the population. If a predicted deflection by an answer is closer to the experimental deflection, it will have a higher value of fitness. After evaluating the fitness of all population individuals, the more qualified individuals from the population are selected to create the next generation, which usually has greater values of fitness than the previous one. Subsequently, crossover and mutation operations are performed on the individuals selected to generate the next population. This algorithm continues until convergence criteria are satisfied, and the individual having the greatest value of fitness in the last generation is the best answer. Different solutions for optimization show that 500 as the size of population and 5000 as the iteration number are sufficient to achieve an optimized answer. The values of X 1 -X 6 obtained by this optimization determine the influence of different parameters in the proposed model A as follows:
Proposed Effective Moment of Inertia (Model B)
This model is similar to the previous one (model A), and is also formulated using an optimization by the genetic algorithm method. However, optimization variables X 1 -X 6 are obtained by minimizing the error between the effective moments of inertia predicted using Eq. (7) and experimental values. The objective function is defined by the following equation:
Model B is defined by Eqs. (13) and (14) as follows: 
Test Specimens
Nine beam specimens with a total length of 2300 mm, width of 150 mm, depth of 200 mm, and shear span of 700 mm were manufactured and tested. Three different concrete mix designs with compressive strengths of 20, 38, and 64 MPa were used for the beam specimens. Two 10-mm-diameter steel bars were used as compression reinforcement. The steel stirrups had a diameter of 8 mm and were spaced at 80 mm o=c for all specimens to provide shear strength. The structural details and ultimate experimental loads of specimens are shown in Table 3 . The GFRP bars used for the specimens were sand-coated, having an ultimate tensile strength and elastic modulus of 700 MPa and 41 GPa, respectively. Test specimens had three different concrete compressive strengths and reinforcement ratios that produced a wide range of relative reinforcement ratios, ρ f =ρ fb , between 0.51 and 7.75. Using the results from these specimens, the effect of ρ f =ρ fb on the proposed equations for deflection prediction can be considered.
Experimental Work
All specimens with an effective span length of 2000 mm were subjected to a four-point flexural test. Two concentrated loads were applied to the specimens by means of a hydraulic jack and a spreader beam (Fig. 5) . A load cell was placed directly under the hydraulic jack and on top of the spreader beam to transfer the load increments to a data logger acquisition system. A linear variable displacement transducer (LVDT) was placed at the center of the specimens to transfer the mid-span displacement values to the data logger. The load increments and the corresponding displacements could be read directly from the data logger. At the supports, load was transferred through a steel rod and bearing plate. This configuration was selected to simulate a pin-roller support system. The midspan deflection for each specimen was obtained at different levels of loading. The cracks of the specimens were mapped and test observations were recorded during loading and at the time of failure. Fig. 6 shows the crack growth and the failure state of specimen B7.
Comparison of Analytical and Experimental Results
The flexural capacity of FRP-reinforced concrete beams is dependent on the mode of failure. If the reinforcement ratio is less than the balanced ratio (ρ f < ρ fb ), the section is under-reinforced and failure by FRP rupture occurs. If the reinforcement ratio is greater than the balanced ratio (ρ f > ρ fb ), the section is over-reinforced and failure by concrete crushing occurs. Studies show that a beam experiencing an FRP rupture exhibits less ductility than one experiencing concrete crushing (Newhook et al. 2002; ACI 440.1R-06 2006) .
All specimens, except for specimen B7, failed by concrete crushing. Comparison of the experimental results shows that the effect of reinforcement ratio on the deflection of FRP-reinforced concrete beams is significant. Deflection increases with a decrease in reinforcement ratio, especially at a higher level of loading. With an increase in concrete compressive strength, the cracking moment of the beam increases and fewer cracks appear under the same level of loading. Consequently, the deflection decreases with an increase in concrete compressive strength. However, the effect of concrete compressive strength on deflection reduction is not considerable at high reinforcement ratios.
For FRP-reinforced sections, ACI 440. 1R-06 (2006) requires that the nominal moment strength multiplied by the strength reduction factor (φ) is greater than or equal to the moment at service, M s , In addition, for specimens with values of ρ f =ρ fb greater than 2, the proposed models (A and B) generate a more accurate result as compared with those obtained using the ISIS Canada Design Manual 3 (2001). It is interesting that the deflections calculated using some previous methods are more consistant with one another at high levels of loading and reinforcement ratios. This occurs in the methods in which minimum effective moments of inertia, I e , are equal to the cracked moments of inertia, I cr . The effective moments of inertia at high loading levels and relative reinforcement ratios are closer to the constant value of I cr using these methods, while experimental effective moments of inertia are less than I cr . The advantage of the proposed models is their ability to more accurately estimate the effective moment of inertia at values less than that of I cr . Results show that the ISIS Canada Design Manual (2001) and the CSA S806-02 (2002) code provide more conservative estimates of deflection than the ACI 440. 1R-03 (2003) and ACI 440.1R-06 (2006) codes. Figs. 7(b, c, and f) show that in specimens B2, B3, and B6-which have high relative reinforcement ratios-the results of proposed model A are more reliable than those of model B. As shown in Figs. 7(d and g) , the results of model B are more accurate than those of model A in specimens having relative reinforcement ratios (ρ f =ρ fb ) less than one. Several codes recommended that the value of ρ f =ρ fb be greater than one to prevent FRP rupture failure.
A statistical comparison of the log transformed ratio of calculated deflection with experimental value (δ cal =δ exp ) is performed to evaluate the accuracy of the proposed and previous methods of deflection calculation. The average and standard deviation for all data, high levels of loading (M cr =M a ≤ 0.25), and high relative reinforcement ratios (ρ f =ρ fb ≥ 3) are shown in Table 4 . These results show that the deflection prediction developed using the proposed equations, in terms of mean value and standard deviation, is satisfactory. As shown in Table 4 , the mean value and standard deviation of Lnðδ cal =δ exp Þ at model A are −0.056 and 0.155, respectively, at high levels of loading. In addition, these values are −0.001 and 0.208 at high relative reinforcement ratios. Therefore, the proposed model A, at high levels of loading and relative reinforcement ratios, is more accurate than other models. Model B, with an average of −0.007 and a standard deviation of 0.276, predicts the deflection of beams accurately with the least scatter for all data. As shown in Table 4 , the ACI 440. 1R-06 (2006) equationwith an average of −0.283-underestimates the deflection of beams considerably. The mean and standard deviation values predicted by Yost et al. (2003) , the CSA S806-02 (2002) code, and ISIS Canada Design Manual 3 (2001) are −0.038 and 0.275, 0.025 and 0.276, and −0.011 and 0.281, respectively. Therefore, these models satisfactorily predict the deflection.
Figs. 8(a-d) show a comparison of the deflection values calculated the experimental values using different equations. The deflections predicted using the equation proposed by Bischoff and Gross (2011a, b) are underestimated, whereas the values calculated using the equation proposed by Benmokrane et al. (1996) are overestimated. Additionally, the results from the proposed models (A and B), ISIS Canada Design Manual 3 (2001) , and Yost et al. (2003) show good agreement with the experimental deflections.
Summary and Conclusion
The objective of this paper was to compare experimental and analytical deflections of concrete beams reinforced with FRP bars. On the basis of experimental results and Branson's equation, new equations were proposed for the effective moment of inertia in concrete beams reinforced with FRP bars. These equations were derived -02 (2002) code are conservative. 4. The proposed equations account for the most effective parameters such as modulus of elasticity of FRP bars, relative reinforcement ratio, and levels of loading for calculating the deflection. The influences of the aforementioned parameters were determined through optimization using the genetic algorithm method. The values predicted using the proposed equations correlate well with the experimental values. 5. The proposed equations can better predict deflection when effective moment of inertia is less than I cr , especially at high levels of loading and reinforcement ratios. 6. Proposed models A and B, the formula suggested by Yost et al. (2003) , the CSA S806-02 (2002) 
Notation
The following symbols are used in this paper: A f = cross sectional area of longitudinal tensile FRP bars; d = distance from extreme compression fiber to center of reinforcing bar; E c = elastic modulus of concrete; E f = elastic modulus of FRP bars; E s = elastic modulus of Steel bars; f 0 c = concrete compressive strength; I e = effective moment of inertia; I g = moment of inertia of the gross section; I cr = cracked moment of inertia; L a = shear span of beam; M a = applied moment; M cr = cracking moment; P = total point load; P exp = measured point load; δ exp = measured mid-span deflection; ρ f = FRP reinforcement ratio; and ρ fb = FRP reinforcement ratio producing balanced strain conditions.
